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Two-Dimensional “Poor Man’s Navier–Stokes Equation”
Model of Turbulent Flows
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As part of a continuing effort to construct “synthetic velocity” subgrid-scale (SGS) models for large-eddy simula-
tion (LES) techniques utilizing Kolmogorovscaling and discrete dynamic systems (chaotic maps), focus is centered
on constructing the chaotic maps from experimental data to demonstrate consistency of the modeling approach
with basic physics. Although such efforts have been made previously, all of them used a linear combination of
logistic maps to � t one-dimensional experimental data. A two-dimensional chaotic map derived directly from the
Navier–Stokes equations is employed, and the bifurcation parameters of this map are determined to best � t two-
dimensional experimental velocity data. A genetic algorithm is used as the optimization tool to obtain the required
least-squares � t of the time series for a point in a two-dimensional � ow behind a turbulator. Results compare
reasonably well with the experimental time series, implying that two-dimensional chaotic maps provide viable
candidates for producing temporal � uctuations in synthetic-velocity SGS models for LES and additionallyas part
of real-time control mechanisms.

Nomenclature
A f = real part of the Fourier transform of � ltered velocity

time series
Au = amplitude factor of subgrid-scalemodel
a f = real part of Fourier transform of complete velocity

time series
B f = imaginary part of Fourier transform of � ltered velocity

time series
b = size of the turbulator, m
b f = imaginary part of Fourier transform of complete

velocity time series
D = experimental channel width, m
F = switching function
f = frequency, Hz
H = experimental channel height, m
M = chaotic time series
m = poor man’s Navier–Stokes equation
Q = least-squares functional
Re = Reynolds number based on channel height H
S = chaotic function
U; V = complete velocity components, m/s
u¤; v¤ = velocity components of subgrid-scalemodel, m/s
® = amplitude of modeled chaotic time series
¯ = bifurcation parameter related to Reynolds number
° = bifurcation parameter associated with velocity gradient
±p = difference of quali� cation properties between modeled

map and data
³ = anisotropy correction of subgrid-scalemodel
µ = “implicitness” factor of chaotic time series
! = frequency of evaluation of chaotic time series
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Subscripts

c = cutoff
f = frequency
i = velocity components
j = quali� cation property index in least squares function
l = number of terms in map representation
u = velocity

Superscript

(n) = time (iteration) level in map representation

Introduction

I T is widely believed that large-eddy simulation (LES) in some
form will be the method of choice for industrial-level � uid � ow

calculationsin thenear future.However,LES is knownto exhibitde-
� cienciesbecauseof inaccuraciesof its � lter-inducedsubgrid-scale
(SGS) models. Recently, Hylin and McDonough1 introduceda new
approach to constructing “synthetic velocity” subgrid-scale (SGS)
models for LES based on Kolmogorov scaling and discretedynamic
systems (chaotic maps). In general, synthetic velocities directly
model SGS physical variables, for example, velocity components,
rather than SGS stress, permitting computationof the stresses from
the modeled velocities in some versions, for example, Domaradzki
and Saiki2 and Scotti and Meneveau,3 or simply using them in the
original equations of motion, as done by McDonough et al.4 and
Hylin and McDonough.1;5

It is obvious that modeling physical variables should provide a
closer connection to actual � ow physics than does the usual mod-
eling of SGS stresses. Clearly, the mapping from � ow physics to
statistics is many-to-one.For example, � ows as differentas being in
completely opposite directions may possess the same second-order
statistics (but, obviously, not the same � rst-order ones). In typical
� ltered and/or averaged approaches we attempt to recover (calcu-
late) a portion of the � ow physics by means of what is formally
inversion of the noninvertible physics-to-statisticsmap; that is, we
attempt to predict mean � ow behaviors based on the second-order
statistics, or, worse yet, models thereof. Use of synthetic velocities
avoids this dif� culty by providing a speci� c realization of the SGS
velocity � eld, either to be used directly, as in Refs. 1, 4, and 5, or
to construct values of second-order correlations directly from their
de� nitions as in Refs. 2 and 3. At the same time use of synthetic
velocities leads to a modeling formalism able to utilize directly ex-
perimentaldata duringmodel construction,rather than simply in the
context of post hoc validation.
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The Hylin and McDonough formalism1 employs SGS models of
the form

u¤
i D Ai ³i Mi ; i D 1; 2 (1)

for two-dimensional� ows as will be consideredherein; u¤
i is a SGS

velocity component; Ai is an amplitude factor; ³i is an anisotropy
correction,and Mi is a temporal � uctuation obtained from a chaotic
time series.Each of the three factorson the right-handside of Eq. (1)
varies across the spatial grid and from one resolved-scale time step
to the next.

Expressions for the � rst two factors have been derived from � rst
principles employing the Kolmogorov (K41) theory of homoge-
neous turbulence (for a good overview see Ref. 6) and invoking
scale similarity, as done in the dynamic SGS models of Germano
et al.,7 as given in Ref. 1 and by Sagaut.8 The third factor received
little speci� c attention in early investigations. In Ref. 1, this factor
was associated with Kolmogorov’s “stochastic variable,” and the
logistic map, “absolute value” logistic map, and tent map were em-
ployed as realizations. All appear to give similar results when the
same map is used for all velocity components.

Recent work of McDonough et al.9 demonstrated that one-
dimensionalchaotic dynamic systemscouldbe curve � t in the sense
of reproducing the structural “appearance” of the original data and
an extensive set of statistical quantities associated with these data,
but without attempting a point-by-pointexact � t. Such an approach
can be applied to any data set represented by a time series, and the
outcome of the curve-� tting process is a model that behaves very
much like the original data and exhibiting with the same intrinsic
variability (sensitivity to initial conditions) that occurs in physical
turbulence. (We remark that exact � ts of chaotic time series have
often been constructed, for example, see Casdagli and Eubank,10

but would seem to be inappropriate in the context of turbulence
models because the turbulent physical � ow can never be exactly
reproduced.)

Early work by Mukerji et al.11 and more recent studies by
McDonough and Yang12 and Roclawski et al.13 have suggested that
the third factor in Eq. (1) can be represented with the outcome of
a curve-� tting process using experimental turbulence time series.
However, these previous efforts focused on using a linear combi-
nation of logistic maps to � t one-dimensional experimental data.
In this regard, the contribution of the present study is to provide
results obtained by � tting a two-dimensional chaotic map (in fact,
one derived from the two-dimensional equations of motion) to a
two-dimensional experimental velocity � eld. From both theoreti-
cal and practical (computational) standpoints, this is a nontrivial
extension; namely, the two-dimensional maps contain many more
bifurcation parameters than does the one-dimensional map, thus
rendering pure mathematical analysis impossible due to high codi-
mension of the chaotic dynamical system14 and, at the same time,
signi� cantly increasing the computational burden due to the large
number of parameters to be determined during the � tting process.

In part due to failures of Eq. (1) to correctly model passive
scalars with the corresponding Mi constructed from logistic maps,
McDonough and Huang15;16 derived what we term the “poor man’s
Navier–Stokes (PMNS) equation” directly from the Navier–Stokes
(NS) equations, and showed that this discrete dynamical system
(DDS) exhibits the full range of NS temporal behaviors. This ob-
viously motivates the present study of constructing chaotic-map
models of two-dimensionlexperimentalvelocity componentsbased
on the PMNS equation. In particular, if this can be done, it would
be reasonable to employ the PMNS equations as the factors Mi in
Eq. (1). Indeed, we will demonstrate that such models show signif-
icant potential not only as a factor in SGS models for LES, but also
as a portion of a synthetic velocity formalism for Reynolds aver-
aged Navier–Stokes (RANS) approaches,as recently consideredby
Burton et al.17 Moreover, as will be clear, evaluation of the PMNS
equations is very ef� ciently performed, making them potentially
useful for real-time control applications.

The mentioned work associatedwith � tting experimental data to
chaotic time series11¡13 were very computationally intensive. For
example, the study reported in Ref. 11 required several weeks of
CPU time with a parallelized code executing on eight processors,

and hence, many months of actual CPU time: for a single case,
largely because a direct search was employed as the optimization
technique due to existence of numerous local minima of the least-
squares objective function. It will be evident as we proceed that in
order to constructusefulSGS models it is advantageousto determine
the mapping

physical parameters ¡! PMNS equation bifurcation parameters

where for simple incompressible� ows the physicalparameterswill
include the Reynolds number Re and elementsof the velocitygradi-
ent tensor.It is the purposeof a curve-� ttingexerciseto ascertainthis
mapping. Obviously, many data sets representing a wide range of
� owconditions,and thusmany runswith thecurve-� ttingprocedure,
will beneeded.To accomplishthis in a reasonableamountof time, no
worse than“overnightturnaround”will berequired.We arecurrently
able to achieve this with parallelized genetic algorithms (GAs).

GAs, for example,see Goldbergand Deb18 and Davis,19 are based
on an evolution of random tries by “individuals,” rather than on a
deterministicsequence of steps as in usual optimizationalgorithms.
They comprise a computer implementation of Darwin’s theories.
Because the whole process is built on randomnessbut the � nal effect
is not random,it is able to seek the globaloptimalsolutionregardless
of how manypeaksorvalleystheobjectivefunctionpossesses.It will
be shown, from the nature of the objective function, that the curve-
� tting process of the chaotic dynamic system bene� ts signi� cantly
from using the GA optimization method.

The remainder of this paper is organized as follows. We begin in
the next section with a brief description of derivation of the PMNS
equationsand of the nature of the curve-� tting problem that results.
This is followed with a section that presents the GAs used in the
present study. Finally, we then present results of this research, and
end with some concluding remarks.

Nature of Curve-Fitting Problem
In this sectionwe provideanoutlineof the derivationof thePMNS

equationand followthiswith detailsof the natureof the resultingob-
jectivefunctionneededfor the least-squarescurve-� ttingprocedure.
The latter will serve as motivation for use of GAs in this context.

Derivation of the PMNS Equation
The name “poor man’s Navier–Stokes equation” is used in def-

erence to remarks by Frisch6 regarding the relationship of simple
quadraticmaps to the NS equations.Here (for the sake of complete-
ness), we brie� y present what was � rst demonstrated in Refs. 15
and 16. We begin with the two-dimensionalNS equationsfollowing
Leray projection (for example, see Foias et al.20):

u t C .u2/x C .uv/y D .1=Re/1u (2a)

vt C .uv/x C .v2/y D .1=Re/1v (2b)

where u and v are dimensionless velocity components, Re is the
Reynolds number, and 1 is the two-dimensionalLaplacian. We as-
sume u and v can be expandedin Fourier series,whichcanbe proven
rigorouslyin two dimensions,20 and apply the Galerkinprocedureto
Eqs. (2). We than decimate the result to a singlemode per dependent
variable, numerically integrate in time, and apply transformations
given by May21 and in Refs. 15 and 16 to obtain

a.n C 1/ D ¯1a
.n/

¡
1 ¡ a.n/

¢
¡ °12a

.n/b.n/ (3a)

b.n C 1/ D ¯2b.n/
¡
1 ¡ b.n/

¢
¡ °21a

.n/b.n/ (3b)

where a and b are the coef� cients for a single (and arbitrary) mode
of the Fourier representationof u and v, respectively.

We also observe that ¯i , i D 1; 2, can be expressed in terms of the
Taylor microscale Reynolds number and the arbitrary wave num-
ber, which can be directlyinferredfrom the Taylormicroscalelength
scale ¸. The SGS numerical time step size also enters this de� nition,
and this can be determined from the SGS energy dissipation rate.
It follows that the ¯i can be directly computed from LES resolved-
scale results (or at least extrapolates thereof) at each grid point and
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time step of a simulation. The same holds for °i j , i; j D 1; 2, which
are related to theSGS timescale,wavenumber,and (possiblyextrap-
olated) resolved-scalevelocitygradients@u=@y and @v=@x . Indeed,
this entire procedure has by now been successfully implemented
in a three-dimensional computational � uid dynamics code, so that
the question then is, why attempt correlations to experimental data
as being presented here? The answer to this is that the derivation
outlined leads to O.1/ scaling constants that may need to be set via
experimental data. This is unnecessary for isotropic turbulence but
investigations such as the present one are needed to determine to
what extent these constants change with class of � ow.

Objective Function for Least-Squares Fit
The form of the chaotic map Mi in Eq. (1) that will be used for

� tting data in the present work is a two-dimensional extension of
the form given in Ref. 9:

M .n C 1/

i D .1 ¡ µ/M .n/

i C µ

kX

l D 1

®l;i S
.n C 1/

l;i [!l ; m l;i .¯l; °l;i /]

i D 1; 2; (4)

with the indices associatedwith the two velocity components u and
v, or more speci� cally with a and b, respectively, from Eqs. (3);
that is, m l;1 is an instance of a calculated from Eq. (3a), and m l;2

is similarly associated with b. The ®l;i are amplitudes, and µ is an
“implicitness” factor. The function S.n C 1/

l;i [!l ; dl ; ml;i .¯l ; °l;i /] is
formulated in the following way. We begin by de� ning the function

S.n C 1/

l;i D

(
m.n/

l;i if F .n C 1/

l D 0

m.nC1/

l;i otherwise (5)

where the F .n C 1/

l are switching functionsbased on the frequencyof
evaluation !l of map l. They are de� ned in Ref. 9 as

F .n C 1/

l ´
»

1 if [.n C 1/ mod !l ] D 0

0 otherwise (6)

As was emphasizedin Ref. 9, thegoalof constructingthearbitrary
function (4) is not to � nd a time series that exactly coincides with
the data but rather one possessing properties to guarantee that the
“appearance”of the constructed time series is qualitativelyclose to
the data and that chosenstatisticalquantitiesare quantitativelyclose.

There are many propertiesby means of which chaoticdata may be
characterized;in the presentstudy,we use 25 differentstatisticaland
mathematical properties to � t the data. For a detailed discussion of
these and the methods by which they are computed, see Ref. 9. The
method of constructingthe modeled time series (4) requires that the
minimum value be found for the following least-squaresfunctional
corresponding to N p;i properties for each velocity component:

Q.®l;i ; ¯l; °l;i ; !l ; µ; k/ D
2X

i

Np;iX

j

.±p j;i /
2 (7)

where ±p j;i is the difference between the j th property of the i th
componentof the model and the data. In Eq. (7), a two-dimensional
generalizationof the objectivefunctiongiven in Ref. 9, ®l;i , ¯l;i , °l;i ,
!l , and µ are unknown parameters to be determined by minimizing
Q. Note that the proposed objective function is not differentiable
with respect to all its unknown parameters, in particular, ¯l;i and
°l;i , and contains both real (®l;i , ¯l;i , °l;i , and µ ) and integer (!l and
k) unknowns, resulting in dif� culties for most standard optimiza-
tion strategies as can be inferred from a typical plot of this function
shown in Fig. 1. (We remark that we usually set values of the pa-
rameter k external to the optimization process.) Figure 1 explicitly
demonstrates the nondifferentiabilitywith respect to the ¯ and the
existence of closely spaced local maxima and minima.

In the present study, the GA optimizationmethod is used to seek
values of the unknown parameters by minimizing Eq. (7). Because
this is apparently the � rst application of the GA for optimizing an
objective function to � t chaotic maps, it is worthwhile to present

Fig. 1 Variation of objective function Q as one of the bifurcation pa-
rameters, ¯1 changes from 2.5 to 4.0; three instances ofPMNS equations
are used, with all other parameters kept constant.

this technique in a relatively detailed way. This is done in the next
section.

Genetic Algorithms
As inspired by Darwin’s theory of evolution, GAs are a part of

evolutionary computing. They are started with a set of solutions
called a population. Normally, each solution in the population is
encoded as a set of bits of a binary number, symbols, or decimal
numbers. Each of these bits, symbols, or decimal numbers stands in
a certainposition,and thewholeof themformonechromosome.The
presentstudyuses a binary encodingmethod. It converts the search-
ing parametersintoa speci� ed numberof binarybits.Corresponding
to the encoding method, the decoding process in the GA converts
chromosomes into solutionsof the optimizationmethod. Therefore,
the decoding method must conform to the encoding method used in
each speci� c GA.

After the decoding/encoding procedure is processed, the � tness
of a chromosome is evaluated.This is accomplished by calculating
objective function values corresponding to each solution. The � t-
ness of a chromosome is associated with the value of the objective
function. For example, for minimum-value searching problems, a
smallerobjectivefunctionimpliesbetter� tness of the corresponding
chromosome.

The next step of the GA is selection. The purpose of the selec-
tion step is to choose the pair of parents used to produce a child.
This is motivated by an expectation that the new populationwill be
better than the old one. Solutions that are selected to form new solu-
tions (offspring)are selectedaccording to their � tness. In principle,
the more suitable the solutions are, the more chances they have to
be selected. Because selection is the most important step of a GA,
to mimic Darwin’s theory of evolution, the selection method of a
GA has to retain the random characteristicsof natural selection. In
the present study, we use the tournament selection method together
with the niching technique22;23 to select parents for performing the
crossover. In tournament selection, a set of chromosomes is ran-
domly chosen, and the best (with respect of � tness) chromosome
among this set is chosen to be the selected parent.22;23

The niching technique (or � tness sharing) aims at promoting the
formulationand maintenanceof stable subpopulations(niches).It is
basedon the idea that individualchromosomesin theparticularniche
have to share the available resources.The more individual chromo-
somes are located in the neighborhood of a certain individual, the
more its � tness is degraded.22;23 Therefore, use of the niching tech-
niqueis, in essence, to correctthe valueof objectivefunction(� tness
of the chromosome) according to the distance of the solution (chro-
mosome) to other solutions (chromosomes) in the population. The
farther the distance is, the larger/smaller the value of the objective
function corresponding to better � tness of the chromosome.22;23

The crossover combines the genetic material in two parent chro-
mosomes selected in the previous step to construct the child. Nor-
mally, three crossover methods are used by GA practitioners22;23:
one-pointcrossover, two-point crossover,and uniformcrossover. In
the present study, both one-point and uniform crossover methods
are used in the optimization process. In the one-point crossover,
one crossover point is selected randomly, the binary string from the
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beginning of the chromosome to the crossover point is copied from
one parent, and the rest is copied from the second parent. In the
uniform crossover, bits are randomly copied from the � rst and/or
from the second parent.

After a crossover is performed, mutation takes place. Mutation
is used to prevent “falling” of all solutions in the population into a
localoptimumof theobjectivefunction.Mutationrandomlychanges
the new child. For binary encoding, we need switch only a few
randomly chosen bits from 1 to 0 or from 0 to 1 to accomplish
this. Obviously, different mutation techniques should be employed
for different encoding/decoding methods. For example, if the direct
value encoding/decoding methods are used in the GA, then each
chromosome is represented by a real number associated with an
evaluation of the objective function. The mutation method used in
this case could be adding or subtracting a small number to or from
the chromosome.

Note that not all of the child chromosomesare made by crossover
and mutation. Some offspringare exact copies of their parents.This
means that there are crossover and mutation probabilities to con-
trol how often the crossover and mutation will be performed. If
crossoverprobabilityis 100%, then all child chromosomesare made
by crossover. If it is 0%, a whole new generation is made from the
exact copies of chromosomes from the old population(but this does
not mean that the new generation is the same because mutation may
occur in the next). Similar to the crossover probability, if mutation
probability is 100%, the whole chromosome is changed; if it is 0%,
nothing is changed.Normally, crossoverprobabilityshould be rela-
tivelyhigh.The bestvalueof the crossoverprobabilityis about60%.
On the other hand,mutationprobabilityshouldbe very low. The best
valueof the mutation probabilityis about 0.5–1% (Refs. 22 and 23).

The next step of the GA procedure is natural. The replace step
places new offspring in a new population for a further run of the
algorithm. It is easy to imagine that the chance of losing the best
chromosomeis veryhighwhenwe placethenew offspringin thenew
population. Therefore, the idea of elitism is introduced. Elitism is
the name given to the method that � rst copies the best chromosome
(or a few best chromosomes) to the new population. Because it
prevents losing the best-found solution, elitism can very rapidly
increase performance of GAs. Therefore, we use this procedure in
the present study.

The precedingdescriptioncorresponds to only one generationof
the evolvingprocess for a GA. Obviously,many generationsof evo-
lution are needed to obtain the optimal value of the objective func-
tion.Therefore,theprocessshouldgobackto thedecoding/encoding
step after the replace step is � nished, until the optimum is found.

To applythe describedGA to thecurve-� ttingprocedure,we must
� rst decide the number of realizationof the PMNS equations[value
of k in Eq. (4)] to employ. As was shown in Ref. 15, the PMNS
equation represents only one single arbitrary wave vector of the
NS motion. Therefore, it is not expected that a single instanceof the
PMNS equationwould be suf� cient in general.We initiallyuse three
terms to conduct the curve-� tting procedure.Detailed discussionof
this will be given in the next section.

After the value of k in Eq. (4) is selected,searchingranges for the
unknown parameters in Eq. (4) should be set. The ranges of ¯ and °
are obtained from the regime map of the PMNS equation presented
in Ref. 16:

2:5 · ¯l · 4:0; l D 1; 3

¡0:8 · °l;i · 0:65; i D 1; 2; l D 1; 3

The range employed for the ¯l is such as to exclude “uninteresting”
steady behavior and at the same time avoid divergence of the map
interactions for most °l;i in the given range. The ranges of ®, µ , and
! are set from our previous experiencewith data-� tting procedures
for chaotic time series11¡13:

¡30 · ®l;1 · 30; l D 1; 3

¡10 · ®l;2 · 10; l D 1; 3

0 < µ · 0:2; 1 · !l · 32; l D 1; 3

In the present study, each ¯l is encoded to 15 binary bits; each
°l;i and ®l;i is encoded to 14 binary bits. We use one more binary bit
to encode the ¯l to emphasize their importance in the curve-� tting
procedure.Because the searching range of µ is not very large, only
nine binary bits are used to encode it. The !l are integer values, and
they range between 1 and 32; therefore, 5 binary bits can encode
all of the possible values of each of them. Thus, 237 binary bits are
suf� cient to encode one set of unknown parameters.To start the GA
for the present curve-� tting procedure, 104 binary numbers of 237
bits each are randomly generated by computer. Random numbers
are generatedusingKnuth’s subtractivemethod (see Ref. 22) to gen-
erate 104 chromosomes. We use 104 as the population size instead
of 100 to facilitate the parallelization of the GA. The parallelized
GA was executedon eight processors.Each processorcomputes the
� tness values for 13 chromosomes. Once it is initiated, the evolu-
tionary procedures comprising execution the GA are conducted as
follows:

1) Each chromosome (binary number) is decoded to the values
of unknown parameters (®l;i ; ¯l ; °l;i ; !l , and µ; i D 1; 2; l D 1; 3),
correspondingto onesolutionof Eq. (7), accordingto their searching
ranges and number of binary bits employed to encode them (decode
step).

2) Evaluate the value Q of Eq. (7) for each solution (� tness step).
The � tness of each chromosome in the population is decided ac-
cording to the value of Q. Smaller values of Q imply better � tness
of the correspondingchromosome.

3) Select two parent chromosomes from the populationaccording
to their � tness (selection step). The basic principle for this step is
the natural selection: the better the � tness, the greater the chance to
be selected.

4) With a crossoverprobability,combine (crossoverstep) one part
of the � rst parent with another part of a second parent to form a new
offspring(child). If no crossover is performed,offspring is an exact
copy of parents.

5) With a mutation probability mutate new offspring (mutation
step). In the present study, this step is accomplished by randomly
changing the binary bits of the chromosome according to the muta-
tion probability.

6) Place new offspring in a new population and use the newly
generatedpopulationfor a furtherrunof thealgorithm(replacestep).
Note that the elitism technique that � rst copies the best chromosome
to the new population is employed in this step.

7) If theendconditionis satis� ed, stop,and returnthebest solution
in current population (test step).

8) Go to decode step (repeat step).

Results and Discussion
In this section, we will present results obtained from the curve-

� tting process described earlier. The emphasis is on comparison
of the results with the experimental time series used to generate
the � t. The curve-� tting results are compared using three features,
namely, the appearanceof the time series, thepower spectraldensity,
and the delay map. In addition, we present the various statistical
parameter values used to evaluate the objective function.

We simultaneously � t both velocity components obtained from
laser Doppler anemometry (LDA) measurements for an experimen-
tal � ow� eld that is essentially two dimensional. The case of turbu-
lator � ows corresponding to Re D 1 £ 105 based on channel height
is considered in the present study. The � ow con� guration is shown
in Fig. 2. The test section has a channel height H D 0:203 m and
width D D 0:406 m. A number of square ribs can be placed at differ-
ent locations in the channel. In the present study, we present results
for a single square rib with sides b D 0:0245 m. For more detailed
descriptions of the � ow con� guration, see Ref. 13.

The time series employed for curve � tting in this study corre-
sponds to two velocity components at 4:0b downstream of the last
rib and 1:0b above the bottom surface in the center of the chan-
nel: one velocity component, U , in the streamwise direction and
another, V , correspondingto the velocity component perpendicular
to the bottom surface of the channel. The LDA sampling rate was
1 kHz, and 8192 samples were used in the analysis of each velocity
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Fig. 2 Flow channel for experimental measurement of velocity time
series.

Fig. 3 High-pass � ltered experimental velocity time series for Re =
1 ££ 105.

component. These particular data have been employed simply be-
cause they represent the only high-resolution LDA measurements
available from experiments conducted mainly with particle image
velocimetry (PIV).

For the given � ow con� guration and value of Reynolds number
considered, we construct the curve � t of the high-pass � ltered data
correspondingto the SGS behavior in a LES formalism. In this case,

u¤.x; t/ D U .x; t/ ¡ Qu.x; t/

v¤.x; t/ D V .x; t/ ¡ Qv.x; t/

where the tilde denotes (formally) a spatial � ltering. In the present
case,however,we aremore interestedin the temporalbehaviorof the
� ow because it is the factor associated with temporal � uctuations
in the synthetic velocity SGS models that we wish to construct.
The � ltering method employed in the present study is, thus, a sharp
cutoff Fourier temporal � lter implemented as follows. Let a f and
b f be the real and imaginary parts, respectively, at frequency f of
the transformed series of either velocity component. For the case
of a high-pass � lter operation, new frequency series are obtained as
follows:

A f D 0; B f D 0; for all f < fc

A f D a f ; B f D b f ; for all f ¸ fc

where fc is the high-pass cutoff � ltering frequency. In the present
study, we set fc D 15 Hz. This implies that all frequencies lower
than 15 Hz were removed. Then the inverse Fourier transformation
of the new frequency series is performed to obtain the high-pass
� ltered velocity time series. It is important to recognize that this
actually representsmost of the measured signal. As a consequence,
it is a dif� cult case to model. Moreover, it is actually much more
representative of RANS � uctuations than of those associated with
LES.

Each experimental velocity time series was � ltered using the de-
scribed methodology;these are shown in Fig. 3. The top one is u¤ in

the streamwise direction, whereas the bottom one is v¤ correspond-
ing to the velocity component normal to the bottom surface of the
channel.

These time series contain a signi� cant amount of information.
One of the � rst things we can estimate directly is the number of
terms one might use in the model Eq. (4), that is, the value of k.
In particular, because each term in Eq. (4) is a realization of the
PMNS equation that corresponds to (formally) only a single wave
vector,15;16 obviously using only one term is not likely to produce
a good � t of the time series in Fig. 3. Furthermore, it cannot be
expected that all of the frequency information indicated in Fig. 3
will be captured using two terms of the DDS. The evidence of high-
level turbulent activity shown in Fig. 3 suggests that we should
initially attempt a � t with at least three terms (k D 3) in the linear
combination of PMNS equations (2). Note that all of the analysis
to this point has been rather heuristic, and a more reliable number
of terms should be decided through extensive calculations. On the
other hand, one should expect that a term representing each of low,
medium, and high wave numbers within the inertial subrangemight
be a good starting point for a model.

As was describedin the precedingsection,once the GA is started,
it randomly generates a certain number of evaluationsof the objec-
tive function (7). Figure 4 shows two velocity components modeled
using one of these initial solutions. Observe that the appearance
of the initial model is far from that of the experimental time se-
ries (Fig. 3). This implies that � nding the correct parameters is a
nontrivial process (and one that requires considerable CPU time).
Table 1 providesa comparisonof parameter values between the � rst
generation solution (Fig. 4) and the � nal result (Fig. 5) obtained
after about 1 £ 106 generations. The differences are very signi� -
cant, as summarized in the change of objective function value Q.
Figure 5 shows two high-pass � ltered velocity time series. Two ve-
locity components are arranged in the same way as those in Fig. 3.
However, the left part (before 0.4 s) of Fig. 5 corresponds to ex-
perimental data, whereas the right part shows the � tting result. It
is observed that the appearance of the result is quite close to the

Fig. 4 High-pass � ltered velocity time series of Eq. (2) evaluated using
an initial guess for the parameters.

Fig. 5 High-pass � ltered velocity time series for Re = 1 ££ 105 with left
part (before 0.4 s) experimental data and the right part the � nal � t.
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Table 1 Values of the parameters in the model
Eq. (2) for velocity time series at Re = 1 ££ 105

Parameter Initial solution Final � t

!1 28 13
!2 23 3
!3 7 23
®1;1 17.4602 7.7440
®2;1 ¡23.6459 ¡27.916
®3;1 23.3529 19.4420
®1;2 2.1040 9.9084
®2;2 9.0649 ¡4.4369
®3;2 ¡9.2578 ¡5.1633
¯1 2.5629 3.1798
¯2 3.0791 3.8055
¯3 3.0719 3.0443
°1;1 0.32660 ¡0.2713
°2;1 ¡0.08195 0.4478
°3;1 ¡0.04513 0.3873
°1;2 ¡0.56670 ¡0.3623
°2;2 ¡0.13266 0.2548
°3;2 ¡0.35942 ¡0.7450
µ 0.13660 0.1092
Q 111.709 2.3213

a)

b)

Fig. 6 Power spectra of high-pass � ltered velocity time series for
Re = 1 ££ 105: a) experimental data and b) � nal � t of time series.

experimental time series. In particular, it is especially dif� cult to
tell the difference between the measurement and data-� tting results
for the velocity component v¤.

Further comparisons corresponding to power spectra and delay
mapsarepresentedin Figs. 6 and 7, respectively,with Figs. 6a and7a
correspondingto measured data and Figs. 6b and 7b to resultsof the
� nal � t in each. In each of Figs. 6 and 7, the upper part corresponds
to u¤ and the lower one to v¤. First, note that the power of the high-
pass � ltered experimental time series is very low at low frequency
( f < 15 Hz) and jumps to the actual level at f D 15 Hz. Obviously,
this is caused by the � ltering operation as described earlier, and
cannot be avoidedwith a sharpcutoffFourier � lter. Within the range
of f > 15 Hz, the two power spectra of Figs. 6a agree well, in terms
of both power levels and decay rates, with those in Fig. 6b. The
delay maps in Fig. 7a also appear to be topologically equivalent to
those in Fig. 7b.

As was true in Ref. 11, neither the power spectra nor the delay
maps were included in the data-� tting process; hence, they provide

a) b)

Fig. 7 Delay maps of high-pass � ltered velocity time series for
Re = 1 ££ 105: a) experimental data and b) � nal � t of time series.

a)

b)

Fig. 8 Autocorrelation of each of the velocity components.

independent checks of goodness of � t. Also note that the previous
study13 of the curve-� tting process using only a logistic map had
signi� cantdif� cultiesreproducingthepower spectraanddelaymaps
of the experimental data. The PMNS equations, on the other hand,
evidentlyhaveno such de� ciency, implying that a syntheticvelocity
SGS model based on this DDS is a viable candidate for future LES
development.

We also remark thatpower spectralof the individualvelocitycom-
ponentsare directlyrelated to the contributionsto turbulencekinetic
energy of each of these. Thus, one sees that the DDS produced by
this � tting process captures this aspect of physical turbulence quite
well. Table 2 providescomparisonsbetweenmodels and experimen-
tal data for three additionalstatisticalmodels and experimentaldata
for three additional statistical quantities of importance. The � rst is
the uv correlation, which is not particularly well modeled; the ex-
perimentalvalue is nearly a factor of two higher than the prediction.
On the other hand, � atness of both velocity componentsshows good
agreement, but skewness is rather poorly represented by the model.

The � nal comparison we provide is that of the autocorrelation
of each of the velocity components: Figures 8a and 8b show hori-
zontal and vertical velocity autocorrelations, respectively. It is ob-
served that agreementbetween model and experiment is reasonably
good for the horizontal component and quite good for the vertical
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Table 2 Statistical properties of experimental
and modeled velocities

Experiment Model

Property u v u v

Cross correlation 0.609 0.609 0.350 0.350
Flatness 3.507 3.190 3.200 3.000
Skewness 0.115 0.039 0.630 ¡0.078

component. When one considers that the modeled results presented
here are closer to a RANS model than to LES because our � lter
cutoff was actually at a quite low frequency, these results must be
consideredas very satisfactory.Furthermore,we employed the only
data set available to us; we have not presented special results se-
lected to make the approach look superior. Thus, we expect that
this level of faithfulnesswould be achievedwith similar � ts of most
other data.

Conclusions
We have focused on constructing chaotic maps from experi-

mental velocity time series. Linear combinations of PMNS equa-
tions were � t directly using experimental high-pass � ltered two-
dimensionalturbulentvelocitycomponents.The chaoticmap curve-
� tting method proposed by McDonough et al.9 utilizing a weighted
least-squaresfunctional correspondingto a wide range of statistical
quantities as the objective function was adopted. A GA was em-
ployed as the optimization method to minimize this complicated
objective function containing real, integer, and nondifferentiable
features. This is the � rst known application of a GA technique for
� tting chaotic data.

LDA velocity data from a two-dimensional � ow behind a turbu-
lator were � t using such linear combinations, and the results were
compared with the original experimental data using three diagnos-
tics, namely, the appearance of the time series, the power spectral
density, and the delay map. The results compare reasonably well
for all three. Overall, other speci� c statistical quantities were also
matched reasonably well with the exception of velocity cross cor-
relation and skewness.

Based on this study, we conclude that synthetic velocity SGS
models employing PMNS equations possess signi� cant potential in
the context of LES. Indeed, we have by now already completed an
initial implementation. Run times for map evaluations over an en-
tire LES grid are roughly the same as needed for resolved-scale
equations. However, because large- and small-scale calculations
can be done completely in parallel, the necessary wall-clock time
is no different than for usual LES. This implementation has been
made possible by being able to predict values theoretically of all
of the bifurcation parameters found by data � tting in the present
study.

However, this does not diminish the utility of such analysis. In
particular, as already noted, the PMNS equations possesses poten-
tial for use in real-time control, and within such a context, it would
be useful to employ laboratory experiments from the device to be
controlledto � ne tune the parametersof thePMNS equationsspecif-
ically for the intended application. Moreover, even with regard to
LES, such data analyses are useful because they provide a more de-
tailed a priori test of SGS models than has previouslybeen possible,
and it should be expected that such tests should be more meaningful
with respect to the present formalism (modeling physics) than has
been done for usual LES (modeling statistics).

Acknowledgments
The � nancial support from the Air Force Of� ce of Scienti� c

Research under Grant F49620-00-1-025and from NASA/EPSCoR
Grant WKU-522635-00-10 is gratefully acknowledged by the au-
thors. Work of Tianliang Yang also has been partially supported
by the University of Kentucky Center for Computational Sciences.
In addition, the authors are grateful to David L. Carroll for the ge-
netic algorithmFORTRAN driver and to the Universityof Kentucky

Computing Center for use of their Hewlett–Packard N-4000 and
SuperDome computers for all required calculations.

References
1Hylin, E. C., and McDonough, J. M., “Chaotic Small-Scale Velocity

Fields as Prospective Models for Unresolved Turbulence in an Additive
Decomposition of the Navier–Stokes Equations,” International Journal of
Fluid Mechanics Research, Vol. 26, 1999, pp. 539–567.

2Domaradzki, J. A., and Saiki, E. M., “A Subgrid-Scale Model Based
on the Estimation of Unresolved Scales of Turbulence,” Physics of Fluids,
Vol. 9, 1997, pp. 2148–2164.

3Scotti, A., and Meneveau, C., “A Fractal Method for Large Eddy Simu-
lation of Turbulent Flow,” Physica D, Vol. 127, 1997, pp. 198–232.

4McDonough, J. M., Yang, Y., and Hylin, E. C., “Modeling Time-
Dependent Turbulent Flow over a Backward-Facing Step via Additive Tur-
bulent Decomposition and Chaotic Maps,” Proceedings of First Asian Com-
putational Fluid Dynamics Conference, edited by W. H. Hui, Y.-K. Kwok,
and J. R. Chasnov, Dept. of Mathematics, Hong Kong Univ. of Science and
Technology, Hong Kong, PRC, 1995, pp. 747–752.

5Hylin, E. C., and McDonough, J. M., “Chaotic Map Models for the
Small-Scale Quantities in an Additive Decomposition of the Navier–Stokes
Equations.Part 1. Theory,”Mechanical EngineeringRept.CFD-01-94,Univ.
of Kentucky, Lexington, KY, Jan. 1994.

6Frisch, U., Turbulence: The Legacy of A.N. Kolmogorov, Cambridge
Univ. Press, Cambridge, England, U. K., 1995, p. 31.

7Germano, M., Piomelli, U., Moin, P., and Cabot, W. H., “A Dynamic
Subgrid-Scale Eddy Viscosity Model,” Physics of Fluids A, Vol. 3, 1991,
pp. 1760–1765.

8Sagaut, P., Large Eddy Simulation for Incompressible Flow, Springer-
Verlag, Berlin, 2001, pp. 191–194.

9McDonough,J. M.,Mukerji,S., andChung,S., “AData FittingProcedure
for Chaotic Time Series,” Applied Mathematics and Computation, Vol. 95,
1998, pp. 219–243.

10Casdagli, M., and Eubank, S. (eds.), Nonlinear Modeling and For-
casting, Santa Fe Inst. Studies in the Sciences of Complexity, Proceedings
Vol. 12, Addison–Wesley, Redwood City, CA, 1992.

11Mukerji, S., McDonough, J. M., Mengüç, M. P., Manickavasagam, S.,
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